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PROBLEMS SUBMITTED

Algorithmic Problems

The problems in “input foutput™ format are decision problems. What is
wanbed 15 a pmuf al c::iaLcnu:frmn-cxiaLcncc of an a|g::|riLhr|:1 fl'urin.g I -

chine) that accepts the indicated input data and always outputs the required
output data.

(1) (Mark Sapir) Input: (1} A finite set of equations in a finite type. in-
cluding Jonsson equations, so that the variety V axiomatized by this
set is congruence-distributive. [2) A finite algebra A of the same type.
Cutput: Decide if A is embeddable into a finite simple algebra in V.

[This is undecidable for non-congroence-distributive varieties ]

(2) [George McNulty) Say that a finite algebra A is ezpondably residually
Jinile il A has finite type and every finite expansion A’ (obtained by
adding finitely many operations to A) has V(A') residually finite. Is
the class of expandably residually finite algebras recursive? Find an
intrinsic characterization of this class of algebras.

(3) (Steve Seif) Input: A finite semigroup §. Qutput: Decide if the berm-
equivalence problem for S isin P. [If P = NP, this is easy.)



(4) [“the luncheon group™) Input: (1} Finite algebra A in a finite langnage.
(2) n € w. Output: Decide if V[ A) is residually < n.

The next rine pmbh:rna wiere submmibbed |:::|.r ]La]ph Mekenzie.

[5} Is there a recursive class A of finite a|;5c|:::raq of findbe bype such that
typ(W(F)) = {4} implies F € 4 and typ{V[F)) = {5} implies F & A?
Le.. is the property typ(V(F)) = {4} recursively separable from the
property Lyp(V(F}) = {5}7 Same question for type-sets {1.3} and
{1.5}. and for type-sets {1.3} and {1, 2. 3}. [The “type-sets” invalved
here are those defined in D. Hobby, R. McKenzie, The Siruclure of
Finite Algebras With the answers to these questions. we could com-
plete a list of all the recursive properties of finite algebras F which are

determined by the type-set of V(F).]

(6) Is the class of all finite, equationally finitely-based algebras, of finite
type. a recursively enumerable class?

(T) Input: (1) A finite algebra F af finite type. [2) A finite list of equations
holding in F showing that V{F) is congruence-modular. output: Decide
if V(F) is finitely axiomatizable.

(8) (A. Tarski, P. Perkins, M. Sapir) Input: (1} A finite semigroup 5.
Output: Decide if W8} is finitely axiomatizable.

(9) Write s(F ) for the least cardinal exceeding the size of every subdirectly
irreducible algebra in V(F), if there is such a cardinal, and put «(F) =
2o if there is no such cardinal. Here are three problems. Input: A finite
algebra F of finite type with 5 @ typ(V(F}}. (i) Qutput: decide if V(F)
is finitely axiomatizable. (i) Output: decide if &(F) < w. (iii) Output:
Decide if 5(F) < 2.

(10} In connection with the preceeding problems, does there exist a finite
algebra [possibly with infinitely many operations) with 5 & typ(V(F})
and w < ﬁLF} < ool

(11} Input: A finite algebra F in a finite language. Output: Decide if F has
finitely based guasi-equations.



(12) Input: A finite algebra F in a finite language. Output: Decide if there
exists some finitely axiomatizable, locally finite quasi-variety K con-

taining SP{F).

(13) Input: A finite algebra F in a finite language. I:ILLLELLL: Decide if F has
a berm operation 1z, ..., z,) satislying the near-unanimity equations
ta,....e.y.x.....z) =z for somen > 3. [If this is undecidable, then
it is undecidable to determine if SP{F) admits a natural duality in the
sense of Davey and Priestley. ]

Ot her Problems

(1) [ Victor Gorbunov, submitted by Mark Sapir) Given a finite algebra, is
it true that it either is finitely based or has no independent basis af
cquaLiurLa? |:5i|r|:1t: Pmbh:rn far quaai-cquaLiurm.}

(2) (B.H. Neumann, submmited by Constantine Tsinakis) Can every order-
able group be embedded into a divisible orderable group?

3) (R.W. Quackenbush, submitted by Ralph McKenzie) Prove or disprove:
(3) ( y Ralp P

If Ais afinite algebra in a finite langonage and WA ) is residuoally finite,
then "u"lzﬁu} has a finite residoal bownd.

(4) (). Jezek, P. Markovic, M. Marati, R. McKenzie) A tournament is a
groupoid {A. .} satisfying ry = yr € {z.y} for all .y € A. Let T be
the variety generated by all tournaments, T, be the variety generated
by all n-element tournaments. Conjecture: Every subdiectly irreducible
algebra in T is a tournament. Problem: Is T inherently nonfinitely

based? Problem: Is Ta residual |J.r finibe?
(5) (Ralph Freese) f‘nrlichurc: A finitely presented lattice is infinite (it has

an element which is join-irred uci ble but not completely join-irreducible,
ar mest-irreducible but not completely mest-irreducible.

(6) (Garrett Birkhoff, 1942; submitted by Jonathan Farley) Conjecture: Let
P.Q.R be finite posets. If qp >~ RF then Q = R. (Here qp is the
poset of all monotone mappings from P into @, ordered as a subset af
the Cartesian power qP}



(T) (5. Bulman-Fleming, submitted by Matthew Gould and Mick Adams)
Far a finite poset P, the AizZensldl-Howie properiy is the property that
every non-bijective order-preserving sellmap is a composition of idem-
potent order-preserving selfmaps. Results of Aizenstil and Howie (in-
dividually) imply that the following posets have the A-H property:
(a) finite chains; (b} finite antichains; (c) finite antichains with 0 or
| adjoined: (d) finite antichains with 0 and 1 adjoined. Caonjecture:
These are the only finite posets that have the A-H propert. [Reference:
Adams, Bulman-Fleming., Gould, and Wildsmith, Proc. Royal Soc.
Edinburgh. circa 1994

(8) [Matthew Valeriote) Characterize those finite posets P such that the
variety generated by the order primal algebra A(P) (A) satisfies
some nontrivial congruence equation: or [B) omits types 1 and 3.

(9) (Dejan Delic) Problem:
1. 1. Does DOPC imply DPC for M-algebras?

2. 2. (Give a characterization of those finite M-algebras A such that
VI{A) has DOPC [DPC).
3. 3. Does SP{A) finitely axiomatizable imply Vg ;[ A™) finitely ax-

o atizable?

(10} (George McNulty ) Is there a finite algebra A which is not dualizable
but A & S5P(B) for some finite dualizable algebra BT

(11} ((Gearge McNulty ) Describe the equational theory of
fw, 4y, ooy x!, Clz,y) 0,1}
where (7[z,y) is the binomial coefficient.

(12} [Steve Seil ) Let X be a set and let 8 be a semigroup of transformations
of X. Then S is said to act primitively on X if the unary algebra
(X:5) is simple (in the universal algebra sense; that is. if the only S
compatible equivalence relations on X are the diagonal and universal
relations). Assuming that X has more than 2 elements, does there
exist such a primitive action if 8 satislies the following “nil pobence™
condition: for all 5 € 5. there exists a positive integer n such that "

i a canstant function? If 5 is finite, the answer 13 “no”



(13) [Alden Pixley, submitted by Halph McKenzie) Assume that V' is a
residually finite variety that is not congruence-distributive. Must there
exist a finite algebra in V' with non-distributive congruence latbice?

1 ]



